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Abstract Coefficient identification problem for diffusion equation u,(x,t) =
(D(x)uyx(x, 1)), arising in chronoamperometry is studied. The adjoint problem ap-
proach is developed for the case when the output measured data is given in the form of
left/right flux. Analytical formulas for determination of the values D(0), D(L) at the
endpoints x = 0; L, of the unknown coefficient D(x), via the solution v(x, t) of the
constant coefficient equation v;(x, t) = Dvyy(x, t) is obtained. The integral identity
relating solutions of the forward and corresponding adjoint problems is derived. This
integral identity permits one to prove the monotonicity and invertibility of input-output
map, as well as formulate the gradient of the cost functional via the solutions of the
direct and adjoint problems.

Keywords Diffusion equation - Chronoamperometry - Adjoint problem approach -
Ion transport - Unknown diffusion coefficient - Integral identity - Monotonicity of
input-output map

1 Introduction

This article presents a mathematical analysis of the adjoint problem approach for coef-
ficient inverse problem arising in chronoamperometry. Mathematical modeling of ion
transport problems in electrochemistry is usually based on the constant coefficient
linear diffusion equation u;(x, t) = Du,(x, t) [1-4]. Although these models are the
quite simplest, they can derive some analytical relationships which permit to under-
stand experiments. Moreover, some results obtained by this way, may play key role
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in finding out some distinguished features of ion transport problems, which can not
be estimated experimentally. However due to various distances between the closest
cations and anions in lattice, the diffusion coefficient usually depends on the space
variable x > 0 (see, [5]).

In this study we consider the inverse problem of determining the unknown diffusion
coefficient D (x) in the following purely diffusive linear model of chronoamperometry:

ur(x, 1) = (D)uy(x, 1))y,

(X, 1) € Qioo i ={(x,1) eR>: 0 <x <00, 0 <t <T},
u(x,00=0, x>0,
u,1) =ug, te€(,T].

Here u(x, t) > 0 is the concentration of the reduced species and uy > 0 is the initial
concentration at the electrode surface. It is assumed that for extremely high voltage
perturbation, the concentration of the oxidized species at the electrode drops immedi-
ately to zero, and at the same time, the concentration of the reduced species is made
to jump from O to uy.

It is known that [6], the solution v(x, #) of the constant coefficient diffusion equa-
tion vy (x, 1) = Duvyy(x,t) tends to zero as x > 0 increases infinitely: v(x,t) — 0,
as x — 0o. Hence assuming L > 0 large enough, we may consider the above initial-
boundary value problem not in the infinite domain €24, but in the finite parabolic
domain Q7 = {(x,1) € R: 0<x<L,0<t< T}, with the Dirichlet condition
u(L,t)=0atx = L:

ur(x, 1) = (D)ux(x, 1))y,

(x,)eQr :={(x,)eR?*: 0<x<L,0<t<T}, )
u(x,0)=0, xe€(,L),
u(0,t) =ug, u(L,t)=0, te(0,T].

Since the diffusion coefficient D(x) is assumed to be unknown and needs to be
determined, one needs to impose an additional condition. Most appropriate, from the
physical and mathematical points of view, is the left flux at x = 0:

o (t) ;= —DO)u,(,1), te(0,T]. 2)

The above problem (1)—(2) is defined to be the coefficient inverse problem for pure
diffusive linear model of chronoamperometry.

The function ¢, (¢) represents the measured flux at the electrode surface (left flux)
and is defined to be measured output data. In this context the parabolic problem (1) will
be referred as a direct (forward) problem, with the inputs ug and D (x). For a given coef-
ficient D(x) solution of the direct problem (1), corresponding to this coefficient, will
be defined as u = u(x, t; D(x)). The function @5 (t) := (—D(xX)uy(x, t; D(x))x=0,
defined via this solution will be referred as the synthetic output data (theoretical value
of the left flux ). With this definition the additional condition (2) can also be rewritten
as follows:

(=D(x)ux(x,t; D(x))x=0 = @1(1), t€(0,T].
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Let u = u(x, t; D(x)) be the unique solution of the direct problem (1) for a given
coefficient D(x) € D, from some class of admissible coefficients D. Then the inverse
problem (1)—(2) can be formulated in the following operator equation form:

QD)) =¢i(t), preF, 1€(0,T] 3)
where F is the set of admissible fluxes. The mapping
Q(D)(t) == (=D @)ux(x,1; D(x)))x=0, D(x) €D, t€(0,T] “)

is defined to be the input-output map: ®[-]: D — F.

Therefore the inverse problem (1)—(2) with the given measured output data ¢; € F
can be reduced to the solution of the nonlinear Eq. (3) or to inverting the coefficient-flux
(or input-output) map ®[-] : D — F.

Three classes of well-known methods are widely used for identifying the unknown
diffusion coefficient from various types of measured output data: output least squares
(OLS) [7-9], equation error method [10—12], and adjoint problem approach [13—15].
Comparative analysis of these methods is given in [14,15]. Different from the previ-
ous two classes of methods, the adjoint problem approach permits one to prove not
only monotonicity and then invertibility of the input-output mappings of type (4), but
also to establish a relationship between the solution of the direct and corresponding
adjoint problems in the form of integral identity. These type of integral identities play
an important role in construction an effective computational algorithms for numerical
reconstruction of the unknown diffusion coefficient in various applications [14,15].
For coefficient inverse problem of chronoamperometry the numerical algorithm of
reconstruction the unknown diffusion coefficient D (x) is proposed in the second part
of this study.

In this paper an implementation of the adjoint problem approach to the coeffi-
cient inverse problem of chronoamperometry is studied. In Sect. 2 analytical formulas
for determination of the endpoint values D(0), D(L) of the unknown coefficient via
the solution of the constant coefficient equation v;(x, t) = Duvy,(x, t) is given. The
integral identity relating the forward and corresponding adjoint problems is derived
Sect. 3. Based on this integral identity 3 Fréchet differentiability of the corresponding
cost functional is proved, and a formula the gradient of this functional is obtained via
the solutions of the direct and adjoint problems. In the final Sect. 4 monotonicity and
invertibility of the input-output mapping is proved.

2 Analytical formulas for the values D(0), D(L) of the unknown coefficient

Consider ion transport problem within the pure diffusive linear model, assuming that
the diffusion coefficient is constant:

vl‘(xvt)ZDvxx(xvt)v (xat)€Q+OOa

v(x,0) =0, x >0, 5)
v(0, 1) = ug, t > 0.
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We use the analytical solution

v(x,t):uoerfc( ) x>0, t>0 (6)

X
24/ Dt

of this problem to find the left flux ¢ () at the electrode surface x = 0. We have

2V Dt

0 2
et Olcg =0 | 1= = [ ewyddy | Lm0 @)
0 x=0

and hence

uo

v (0,1) = — , t>0.

7 Dt

According to the definition ¢ () := —Dv, (0, t) of the left flux, this implies:

D
@o(t) = uoy/ —, 1>0. ®)
wt

Hence for pure diffusive linear model of ion transport problem, the analytical formula
for the left flux is defined by formula (8). With the formula

| D
Tc(t) =nFSeugy —, t >0,
Tt

for the Cottrellian Z¢ (¢) (see, [6]), this formula implies that the following relationship
holds between the left flux ¢o(#) and the Cottrellian Z¢ (¢):

0o(t) = (nFSe) ' Ie(r), 1> 0.

In view of inverse problems this means that for pure diffusive linear model of ion
transport problem the left flux ¢o(t) and the Cottrellian I¢(t) are equivalent mea-
sured output data.

Our goal is use of the auxiliary problem (5), and additional condition (2) for deter-
mination of the value D(0) of the unknown coefficient D(x). For this aim let us
consider the initial-boundary value problem (5) in the finite parabolic domain Q7 :=
{(x,t)eRZ: O<x<L,0<t<T}

vi(x,t) = Doy (x,t), (x,t) € Qr,
v(x,0) =0, xe€(0,L), )
v(0,1) =ug, v(L,t)=u1(@), te,T],
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where

M](t)zuoerfc( ), t e (0,T],

L
24/ Dt
according to formula (6). As in the case of the forward problem (1), taking L > 0

large enough we may assume that @1 (¢) = 0. Formula (6) permits one find also the
right flux ¢1(¢) := —Dvy (L, 1):

(1) \/ b L? t>0 (10)
=upg,/ —expl{—-—19. > 0.
4 0 mt P 4Dt

The following lemma establishes an analytical formulas for the value D(0) of the
unknown coefficient D(x) at the endpoint x = 0, via flux data ¢;(¢), and the corre-
sponding solution of problem (9).

Lemma 1 Let D(x) € Lso[0, L], and ¢;(t) > 0 be given noise free measured output
data in the inverse problem (1)—(2), i.e. ¢;(t) = @;5(t). Then the value D(0) of the
unknown diffusion coefficient D(x) can be determined from the solution v(x, t; D(0))
of the parabolic problem (9) as follows

D(O) = — lim — 2@

i—0 v(0,1; D(0))’ (i

where v(x, t; D(0)) is the solution of problem (9), corresponding to the coefficient
D = D(0).

Proof Let us define the function w(x,t) = u(x,t) — v(x,t), where u(x,t) :=

u(x,t; D(x)) and v(x, ) := v(x,t; D(0)) are the solutions of parabolic problems
(1) and (9), respectively. Then

wy = uy — vy = (DO)wy)x + ((D(x) = D(0))ux)s,

and the function w = w(x, ¢) is the solution of the following initial boundary value
problem:

wy — DO)wyy = Fiy(x, 1), (x,1) € Qr,
wx,0 =0, xe€(,L), (12)
w(,1) =w(L,t)=0, te(0,T],

and Fy, (x,t) = ((D(x)—D(0))uy),. Multiply the both sides of Eq. (12) to an arbitrary
function v, (x, ¢) and integrating on Q27 we obtain the following integral identity:

/ / [wy, — D(OYwrx W (x. dxdi = / / (D) — DOYux)x e (x, 1)dxds.
Qr Qr
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Integrating by parts yields:

L T
/ (wyr)=T dx — / / widxdi — D(O) / (wegr)¥=L dr
0 Qr 0

+D(0) / / Wy redxdi = / / (D) — DO)uy)syadxdi.  (13)
Qr Qr

Now we require that the function v (x, ¢) is chosen to be the solution of the following
backward parabolic problem

Vi + D0)Yux = Fy(x,1), (x,1) € Qr,
Y(x, T)=0, xe€(,L), (14)
Vx(0,1) =9n(L,1) =0, 1€(0,7),

with an arbitrary (integrable) function Fy (x, t) which will be defined below. Note
that problem (14) with the backward parabolic equation ¥, + D(0)Yx, = Fy (x, 1) is
well-posed one, due to the condition ¥ (x, T) = 0 at the final time.

We define the first three integrals on the left hand side of (13) as /;,i = 1,2, 3,
sequentially, from the left to right, and calculate these integrals. The first and third
integrals /1 and I3 are zero, due to the homogeneous initial/final conditions w(x, 0) =
0, ¥« (x, T) = 0, and the boundary conditions v, (0, t) = ¥ (L, t) = 0. Further,

T
b =/(w1/ft)jzédx—//wx¢,dxdt = —//wxwtdxdt,
0 Qr Qr

due to the conditions w(0, r) = w(L,t) = 0.

We transform now the right hand side integral in identity (13), integrating it by parts
and using the homogeneous boundary conditions ¥, (0, t) = ¥ (L, t) = 0. Then we
have:

/ / (D) — DOy s ¥sddi = / / (D(x) — DOy rardidt.
Qr Qr

Substituting these in the integral identity (13) we get:

/ / (W1 + DO) e lwedxds = — / / (D(x) — D(O))uyYaxdd.
Qr Qr
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Since the function ¥ (x, ¢) is the solution of the backward parabolic equation v, +
D(0)Yxx = Fy(x, 1), this yields:

—//(D(x)—D(O))uxwxxdxdt=//Fw(x,t)u)xdxdt. (15)
Qr Qr

Let us estimate the left hand side integral by using continuity of the function D(x)
and arbitrarily of the function Fy (x,t). Due to arbitrarily of the function Fy (x, t),
we require that Fy (x, 1) € L»(0, T; L(0, L)), and

[SMPPRp C(0,m) x(0,7) C Qr, 1,1 >0; 16)

Fy(x,t)=1, Y(x,t) € SuppFy.

By the improved regularity property of solution ¥ (x, ¢) of the backward parabolic
problem (14), this implies: ¢ € L,(0,T; H2(0, L)) N Loo(0, T; H(0, L)) (see,
[16], p. 360), and

1V llL,0.7:m20.)) < CyllFyllLy0.1:050.L)), ¢y > 0. (17)

Further, by H 1-continuity of the solution u € Ly (0,T; H 1(0, L)) of the forward
problem (1) with respect to input data, we have

ess suppo,rillull g,y + lullpy0,7;H20,1)) = Cuttos  cu > 0. (18)

Now we may estimate the left hand side integral (15) separately, in (0, §) x (0, T'] and
(6, L) x (0, T

L T
/ / (D(x) — DOy rrddi
0 0

s T L T
< / / (D(x) — DOy randidi| + / / (D(x) — DOy randdr] .
00 5 0
(19)

Due to the continuity of the function D(x), for we have: for all ¢ > 0 there exists
8 > 0 such that |D(x) — D(0)| < &, for all x € (0, §). Hence

5T
//(D(X) — D(0)uxYxxdxdt| < cie, (20)
00
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where

c1 = |lux |l £,0,8)x 0, 7) 1¥xx I Lo (0,8)x 0,7)) > 0.

Using the boundedness of the function D(x), in the second right hand side integral in
(19) we have:

L T L T
/ / (D(x) — DO uxadxdi] < cp / / Uxrexdxdi|,
5§ 0 5 0

where ¢p = supyg ) |D(x) — D(0)|. Estimating the above right hand side integral we
obtain:

LT
//(D(X) — D(0)uxxxdxdt
50

T
< CD/””x“Lz((S,L)||1/fxx||L2(6,L)dt
0

T

< cp ess sup(o,1] ”ux”Lz(zS,L)/ 1Vix Ly (s, L)dt
0

T 1/2

< cpVT ess supo.ryluxllLy.) /Illlfxxlliz(,s,L)dl
0

< cpV/T ess suppo,rilluxllL,0.0) 1 Ly0.7:5200.0)) -

Taking into account here estimates (17) and (18) we conclude
LT
[ [ o) = DOYctdndr| < callFy oo 2= epeyeuun = .
5 0
This, with (20), implies the following estimate for the left hand side integral of (15):

LT
//(D(X) — D0)ux¥xrdxdt| < c16 + 2| FyllL,0,7;L,0,L)), €1, ¢2 > 0.
00
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Denoting by cp = 2 max{cy; ¢z}, we can estimate the right hand side integral of (15)
as the follows:

// Fy (x, O¥rdxdt| < 2c0 [ + | Fylli,0.7:.0,L)] s co > 0.
Qr

Let us require that || Fy || 1,0,7:1,(0,)) < &, by choosing the parameters n, 7 > 0
in (16) small enough. Here ¢ > 0 is the above given arbitrary small parameter. Then
taking into account in the above left hand side integral also the property Fy (x,1) =1,
V(x,t) € SuppFy of the function Fy (x, ), finally we obtain:

n Tt
//wx(x, t)dxdt| < cpe, Ve > 0.
00

This estimate with (16) implies

lim lim w,(x,t) =0,
t—0x—0

or

lirr(l) [1x(0,t; D(0)) — v (0, t; D(0))] = 0.
r—

Hence,

ux (0, t; D(0))
im—= =
—0 v (0, 1; D(0))

By the definition of the output (flux) data ¢ () := —D(0)u, (0, t; D(0)), this implies
the proof. O

Combining this result with formula (8) we obtain the following result.

Corollary 1 Let conditions of Lemma 1 hold. Then value D(0) of the unknown diffu-
sion coefficient D(x) can be determined from the solution v(x, t; D(0)) of the para-
bolic problem (9) as follows

2
DO) = = (lim \/;(pl(t)) ) (21)
u t—0

2
0

The similar formula at x = L can be obtained by the same way, introducing the
function v(x, t; D(1)), which is the solution of the parabolic problem (9).
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Lemma2 Let D(x) € Lxol[0, L], and ¢.(t) > 0 be given noise free measured
output data in the inverse problem (1)—(2), i.e. ¢-(t) = @rs(t), and @r5(t) =
—D(L)u(L, t; D(L)). Then the value D (L) of the unknown diffusion coefficient D(x)
can be determined as follows:

_ b Prs (1)
by ==l == by (22)

where v(x, t; D(L)) is the solution of problem (9), corresponding to the coefficient
D = D(L).

The proof of this lemma is similar to the above proof scheme. One only needs to take the
compact support of the function Fy (x, t) as follows: Supp Fyy C (L—n, L)x (0, 1) C
Qr.

Remark 1 If the length parameter L > 0 is not large enough, and w1(¢) # 0 in (9),
then one needs to impose the same boundary condition u(L, ¢t) = pu(¢) in the for-
ward problem (1) instead of the homogeneous condition u(L, t) = 0. In this case the
solution w(x, t) of the parabolic problem (12) will again satisfy the homogeneous
boundary conditions, and the assertion of the above lemma will remain true.

3 The integral identity relating the forward and adjoint problems. Gradient
of the cost functional

The above results show that having the flux data ¢; () and ¢, (¢), we can find directly
the values D(0), D(1) of the unknown coefficient D (x), via the solution of the para-
bolic problem (9). This problem will be defined as the basic problem. Let us construct
now the integral identity relating the forward problem (1) with corresponding adjoint
problem, via the output data.

Lemma 3 Letui(x,t) = u(x,t; D1(x)) and ur(x,t) = u(x, t; Da(x)) be solutions
of the directproblem (1) corresponding to the coefficients D1(x), D2(x) € Lso[0, L].
Suppose that (pl(!)(t) = —D;(0)u(0,t; D;(0)), j = 1,2, are corresponding outputs,
and Agi; (1) = ¢} (1) — ¢} (1), AD(x) = D1(x) — Da(x). If D1(0) = D3(0), then
for each T € (0, T] the following integral identity holds:

T

//AD(x)u2x(x,t)wx(x,t)dxdt=/p(t)A<plS(t)dt, VT e (0,T], (23)
Q;

0

where the function ¥ (x,t) = ¥ (x,t; p) is the solution of the following backward
parabolic problem

Vi + D1(x0)¥)x =0, (x,1) € 2 :=(0,L) x (0, 7],

Yx,7)=0, xe(0,L), (24)
v(0,1) =p@), ¥(L,1)=0, 1€(0,71),

@ Springer



J Math Chem (2010) 48:491-507 501

with arbitrary Dirichlet data p(t) € C(0, T].

Proof The functionw(x, t) = uj(x, t)—ua(x, t) solves the following initial boundary
value problem:

wy — (D1()wy)y = (ADX)usy)x, (x,1) € Qq,
wx,0)=0; xe(,L),
w(,71) =0, w(L,t) =0, re,r1).

Multiply both sides of the above equation by an arbitrary function ¥ (x, #) and integrate
by parts on Q2;. Then we obtain:

L T T
/ (wy)i=5dx — / / widxdt = / (D () we ) Zhdr — / (D1 (x)wiry) Zhdt
0 Qr 0 0

+ / / w(Dy (X)) cdxdi+ / (ADXuz ) =hdr — / / AD )z Yrrdxdi
Qr 0 Qq

Now we require that the function 1 (x, ¢) is the solution of the backward parabolic
problem (24). Then due to the homogeneous initial and boundary conditions w(x, 0) =
w(0,7) = w(L,t) = 0, and also the conditions ¥ (x, t) = ¥(L,t) = 0, ¥ (0,¢) =
p(t), the above integral identity implies:

T

//AD(x)ugx(x,t)wx(x, t)dxdt = —/ ADO)uax (0, ) p(t)dt
Q 0

T

—/Dl(O)wx(O, Hp(t)dt.

0

We transform the right hand side terms under the integral, using the condition D1 (0) =
D;(0) and the relations

_AD(O)MZX(()’ t) — Dl (O)u_)x(()7 t) = —[D] (0) - DZ(O)]MZX(Ov t)
—D1(0)[u1,(0, 1) — u2, (0, )] = D2 (0)u2, (0, 1) — D1 (01, (0, 1)
= —D1(0)wy (0, 1) = Ay,(t).

Substituting this into the above identity we obtain the required integral identity (19).
(]

Corollary 1 Let us assume in Lemma 3 that u(x, t) + Au(x, t) and u(x, t) instead of
ui(x,t) and uy(x,t), respectively (which means D1(x) = D(x) + AD(x), D(x) =
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D(x)). If AD(0) = 0, then for each t € (0, T] the following integral identity holds:

T

//AD(x)ux(x,t)l//x(x,t)dxdt = /p(t)A(p;s(t)wdt, VT e (0, T], (25)
Qq 0

where u(x,t) := u(x,t; D(x)) is the solution of the direct problem (1), ¥ (x,t) =
Y (x, t; p) is the solution of the backward parabolic problem

Vi +((D(x) + AD(xX)Y)x =0, (x,1) € Q; :=(0,L) x (0, 7],
Yx,1)=0, xe (L), (26)
v(0.1) =p@), ¥(L,1)=0, 1€(0,71),

and the function p(t) € C(0, T is an arbitrary Dirichlet data.

The backward parabolic problem (26) will be defined as the adjoint problem, corre-
sponding to the forward problem (1).

The integral identity (25) can be used as an important tool for numerical solution
of the inverse problem (1)—(2). This approach will be discussed in the second part of
the study.

Note that the similar integral identity can be derived for the case when the measured
output data is given in the form of the right flux.

Let us reformulate now the inverse problem (1)—(2) as a variational problem, by
using the quasi-solution approach [17]. Introducing the cost functional:

T
1
J(D) = 3 /[‘Plx(t) —@Pdt, DeD, 27)
0

we can formulate the inverse problem (1)—(2) as the minimization problem

J(D,) = inf J(D), (28)
DeD

for the cost functional J (D), defined on the set of admissible coefficients D. Here
ois(t) == (—D(x)ux(x, t; D(x)))x=0 is the output data. Any gradient method related
to the minimization problem (28) requires a’priori information about the gradient
J'(D) of the cost functional (27). Using the integral identity (25) we can derive the
gradient formula for the cost functional J (D). For this aim, let us consider the first
variation AJ (D) := J[D + AD] — J(D) of the cost functional (27). We have

T
20(0) = 5 [ {10+ (D + ADy,(x.1: D + AD) o’
0

~191(0) + (Dux (¥, 15 D))smol? } dt
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Using here the notations Auy = uy(x,t; D + AD) — uy(x,t; D), Agis(t) =
(=(D 4+ AD)uy(x,t; D+ AD))x=0 — (—Duy(x,t; D))y, and taking into account
that Ags(t) = —[DAuyx(x,t; D) + ADuy(x,t; D)+ ADAu(x, t; D)]=o, we get

T

1
AJ(D) =3 /[2<pz(t) —2q15(t) + Agis ()] Agrs(1)dt.
0

Thus for the first variation of the cost functional (27) we obtain the following formula

T T

1
AJ(D) = /[sﬂl(t) — i (D] Ags ()dr + E/M%(f)]zdt. (29)
0 0

Let us choose now the arbitrary Dirichlet data p(t) € C(0, T] in (26) as follows:
p(t) = ¢i(t) — @is(t). Then for T = T the integral identity (25) becomes

T
//AD(X)Mx(x,t)%lfx(x,t)dxdt=/[<ﬂ1(t)—wzs(t)]m/)zs(t)llfdf-
Qr 0

This identity with (29) imply:

T
AJ(D) ://AD(x)ux(x,t)wx(x,t)dxdt+%/[Agols(t)]zdt.
Qr 0

Let us rewrite this formula taking into account the definition
/
AJ(D) = (J'(D), AD) + 0 (IADIG 1))+ 0 = 1

of the Fréchet differential:

L T

1
200) = [ | [ustr e e | ADGIx + S1801 0 rye GO)
0 0

where H' is the Sobolev space.

This formula provides further insight into the gradient of the functional J (D) via
the solution of the adjoint problem (26). By the above definition of the Fréchet dif-
ferential, one needs to show only that the last term on the right hand side of (30) is of

order o <||AD||‘1’10 © L)), with o > 1. This assertion can be obtained from the result
given in [18].
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Lemma 4 Let solutions u(x, t) and ¥ (x, t) of the direct and adjoint problems belong
to the class L2(0, T; H*(0, L)) N L (0, T; H(0, L)). Then the cost functional (27)
is Fréchet-differentiable, J(D) € CY(D), and its Fréchet derivative at D € D can be
defined by the solutions of the direct problem (1) and adjoint problem (26) as follows:

J'(D) = (uy, wx)HO(o,T)- (31

4 Monotonicity and invertibility of the input-output map ®[.] : D — F

The results below show an influence of sign of the input Dirichlet data ug > 0 to the
sign of the synthetic output data ¢;; = (—D(Xx)u,(x, t; D(x))=0-

Lemma 5 Let D(x) € L|[0, L], and the solution of the forward problem (1) is con-
tinuously differentiable on the closure of Qr. If ug > 0, then uy(x,t) < 0,V(x,t) €
Qr.

Proof Letyr(x,1) € C{° (R?) be an arbitrary smooth function with a compact support
in Q7. Multiply the both sides of Eq. (1) by ¥, (x, t) and integrate by parts. Then we

obtain:
/ W)= dx / / uprsdxdi — / (DCuxg) =kt

//D(x)uxgoxxdxdt =0.

We apply integration by parts to the second integral:

L T
/ Wy lI=Fdx — / Wynl=kdi + / / uyrdxdt
0 0 Qr

T
~ / (D)) [\ =hdr + / / D()ugpyrdxd = 0.
0

Hence

//(lﬂt 4+ D(xX) Yy )udxdt

L
/(uw dt + /(D(x)uxwmﬁzédr— /(uwxnizg dx. (32)
0 0
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Now we require that the function v (x, ¢) is chosen to be the solution of the following
backward parabolic problem

Vi + D)y = F(x, 1), (x,1) € Qr,
Y(x,T)=0, xe€(,L), (33)
v(0,1) =0, Y (L,t)=0, te(,T).

Here F(x,t) is an arbitrary continuous function F(x,t) and will be defined below.
Note that the backward parabolic problem (33) is well-posed, since replacing ¢ € [0, T']
by t = T — ¢ in the Eq. (33), the parabolic equation ¥r; = D(x)Yxx — F(x, T — 1)
will be obtained.

Taking into account the initial and boundary conditions of (1) and (33) in (32), we
get:

T

//ux(x,t)F(x,t)dxdt - —/D(O)ux(O, DY (0, 1)dr. 34)
Qr 0

Now we apply the maximum principle to the adjoint problem (33). We require that
the function F(x, t) satisfies the condition F(x, ) > 0 on Q7. Then ¥ (x,1) < 0 on
Q7. This, with the boundary condition ¥ (0, ) = 0, implies

U (0, 1) := gi%w <0, Vre (0TI

Further, applying the maximum principle to the forward problem (1) and taking into
account the condition ug := u(0,1) > 0, we conclude ug > u(x,t) > 0,VY(x,1) €
Qr. Therefore,

h,t) —u(0,t
1, (0, 1) = ﬁi‘%% <0, Ve (.T].

Hence the right hand side of (34) is negative, and we finally obtain:

//ux(x, HF(x,t)dxdt <0, VYF(x,t)>0.
Qr

This implies the proof. O

Corollary 1 Let conditions of Lemma 5 hold. Then the synthetic output data is posi-
tive: g1 = (—D(x)ux(x,t; D(x))x=0 > 0,Vt € (0, T].

This result has a precise physical meaning. Assumption ug > 0 means that the
initial concentration is positive. This physically means that the mass transfers from
the surface of the electrode at x = 0, to the x = L, which means that the left flux is
positive. This agrees with the assertion of the above Corollary 1.
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The above lemma permits one to establish monotonicity of the input-output map
O[]1:D— F.
Theorem 1 Let conditions of Lemma 5 hold. If the coefficients D1 (x), Dy (x) € D sat-
isfy the condition D1(x) > D(x), Vx € [0, L], then the output data (pl(;)(t), i=1,2,
have the following property:

0 (1) == (= D1 () (x, 13 D1 (%)) <
012 (1) 1= (=Da(x)ux(x. 11 Da(x))xo. Vi € (0, T,

Proof For the given the coefficients D;(x), D2(x) € D we use the integral identity
(23) and the backward parabolic problem (24). Assuming the arbitrary function p(z)
in (24) positive, we can apply the Theorem 1 to the solutions v (x, t) the backward
parabolic problem (24), taking p(t), instead of up. Then we obtain that v, (x, ¢) is
positive on 27. Further, Theorem 1 also implies that u, (x, t) := uy(x, t; D2(x)) is
negative on Q7. Taking into account these results on the left hand side of the integral
identity (23) we conclude that

T

/p(t)A(pls(t)dt <0, Vre(@T], Vp) >0,
0

since AD(x) := Dj(x) — Da(x) > 0. This implies Ag(¢) = (pl(sl)(t) — gol(sz)
() <0. i

In particular we conclude from his theorem that the input-output map ®[-] : D — F
is well defined, since AD(x) = 0 implies Agy (1) = 0.

Theorem 2 [f conditions of Theorem 1 hold, then input-output map ®[-] : D — F is
Lipschitz continuous, i.e.

I f1 = fallo < Lollki — k2lloo (35)

where Lo = ||u2x||H0(QT)||¢x||H0(QT)

Proof Choosing the arbitrary function p(¢) in (24) as
1 2

ol () =g (1)

pt) =
(D 2)
||<Pls — @ ||H0[0,T]

, 1€(0,T],
and substituting it in (23) we get

1 2
10— 0@ 0.1 < I1D1 — Dalloo / / uredxds,
Q

This implies the proof. O
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The above results show the strict monotonicity and continuity of the input-output map
®[-]: D — F, which means existence and uniqueness of the solution of the inverse
problem (1)—(2). However, the inverse problem (1)—(2) is severely ill-posed in the
sense that small changes in the output data ¢;s(¢) do not correspond to small changes
in the coefficient D(x), as show the computational experiments given in the second
part of the study.

5 Conclusion

The purpose of the paper was to demonstrate the feasibility of the adjoint problem
approach to coefficient identification problem for pure diffusive linear model of chro-
noamperometry. The presented results allow to prove monotonicity, continuity, and
hence invertibility of the input-output mappings ®[-] : K — F and V[-] : K — H.
The integral identity relating solutions of the forward and corresponding adjoint prob-
lem plays an important tool in numerical implementation of the proposed approach.
The presented in the second part of the study computational results show that the
numerical algorithm based on integral identity (23) is permits one to reconstruct the
unknown diffusion coefficient for the case of noise free and noisy measured output
flux data.
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